Using the BRST-BV approach, we consider totally symmetric arbitrary integer spin conformal fields propagating in flat space. For such fields, we obtain the ordinary-derivative BRST-BV Lagrangian that is invariant under gauge transformations. In our approach, the ordinary-derivative Lagrangian and gauge transformations are constructed in terms of the respective traceless gauge fields and traceless gauge transformation parameters. We also obtain a realization of conformal algebra symmetries on the space of fields and antifields entering the BRST-BV formulation of conformal fields. *
Introduction
The BRST approach [1] is a powerful method of modern quantum field theory. In gauge field theory, this approach turns out to be very convenient for studying ultraviolet divergences and the renormalization procedure. Nowadays, the BRST approach is the main method for finding the relativistic invariant S-matrix. We also note that the use of the BRST approach for studying string field theory led to an interesting new development of this approach [2] . Namely, extended versions of the BRST approach involving antifields were developed and it was demonstrated that such extended versions turn out to be not only efficient approaches for studying quantum field theory but also powerful approaches for constructing theories of classical gauge fields. The BRST approach that involves antifields [3] will be referred to as the BRST-BV approach in this paper.
For aesthetic reasons, conformal fields have attracted considerable interest during a long period of time. The duality conjecture by Maldacena also triggered interest in studying various aspects of conformal fields. In the framework of AdS/CFT correspondence, conformal fields manifest themselves as boundary values of nonnormalizable solutions of the Dirichlet problem for massless fields propagating in AdS space. Plugging a solution of the Dirichlet problem into the action of a massless AdS field gives a functional of boundary values of the massless AdS field, which is referred to as the effective action. For massless spin-2 and arbitrary integer spin-s fields, it was demonstrated explicitly in the respective Ref. [4] and Ref. [5] that the ultraviolet divergence of the effective action turns out to be a respective higher-derivative action for conformal spin-2 and for arbitrary integer spin-s fields. Interesting interrelations between partition functions of AdS fields and partition functions of conformal fields are discussed in Ref. [6] . Taking the important role played by conformal fields in the AdS/CFT correspondence into account, we think that study of these fields by using various approaches is well motivated. In this respect, we note then that the BRST-BV Lagrangian formulation of conformal fields has not been discussed previously in the literature. The major aim of this paper is to develop a BRST-BV Lagrangian formulation for totally symmetric arbitrary integer spin conformal fields. 1 The BRST-BV formulation of conformal fields we develop in this paper is closely related to the ordinary-derivative metric-like formulation of conformal fields. The ordinary-derivative metric-like formulation of conformal fields in terms of double-traceless fields was developed in Refs. [7, 8] . In the BRST-BV framework, we prefer to deal with traceless fields. A formulation of conformal fields in terms of traceless fields can easily be obtained from the formulation in terms of double-traceless fields. Therefore, for the convenience of the reader, we start in Section 2 with a brief review of our ordinary-derivative metric-like formulation of conformal fields in terms of the double-traceless fields developed in Ref. [8] and then we demonstrate how such a formulation can be used to derive the ordinary-derivative metric-like formulation of conformal fields in terms of traceless fields. In Section 3, we develop a BRST-BV formulation of conformal fields. We start with the description of the field content entering our BRST-BV formulation. After that, we present our result for the ordinary-derivative BRST-BV Lagrangian of conformal fields. In our approach to conformal fields, only symmetries of the Lorentz algebra are realized manifestly. Therefore, in Section 4, we discuss a realization of conformal symmetries in the framework of our ordinary-derivative approach. Namely, we start with a brief review of a realization of the conformal algebra symmetries on the space of double-traceless fields obtained in Ref. [8] and then demonstrate how this realization can be used to derive the realization of conformal algebra symmetries on the space of traceless fields. After that, we present our result for a realization of conformal algebra symmetries on the space of the fields and antifields entering our ordinary-derivative BRST-BV formulation of conformal fields. In Section 5, we discuss directions for future research.
Ordinary-derivative metric-like formulation of conformal fields
Field content. We start with a discussion of the metric-like formulation of conformal fields in terms of double-traceless fields developed in Ref. [8] . To streamline the presentation of the field content entering the metric-like formulation of conformal fields, we use oscillators α a , α ⊕ , α ⊖ , ζ. The oscillators α a transform as vectors under the Lorentz algebra so(d − 1, 1), while the oscillators α ⊕ , α ⊖ , ζ transform as scalars under the Lorentz algebra. Using the oscillators, we note that the fields entering the metric-like formulation of a conformal field can be collected into a ket-vector defined by
where the argument α in (2.1) stands for the vector oscillators α a , and x stands for coordinates x a of the R d−1,1 space-time. We also note that the usual fields, which depend on space-time coordinates x a , can be obtained by expanding the field φ (2.1) in the oscillators α a , α ⊕ , α ⊖ , ζ. For the discussion of a spin-s conformal field, we impose the following algebraic constraints on the ket-vector |φ (2.1):
2)
The definition of the operators N α , N α ⊕ , N α ⊖ , N ζ ,ᾱ 2 appearing in relations (2.2)-(2.4) can be found in the Appendix (see relations (A.6)-(A.8)). From constraint (2.2), we learn that the ketvector |φ is a degree-s homogeneous polynomial in the oscillators α a , ζ, while constraint (2.3) tells us that the ket-vector |φ is a degree-k s homogeneous polynomial in the oscillators α ⊕ , α ⊖ , ζ. From (2.4) we learn that the usual tensor fields, which are obtainable by expanding the field φ (2.1) in the vector oscillators α a , are nothing but double-traceless tensor fields of the Lorentz algebra so(d − 1, 1).
By using constraints (2.2), (2.3), we can illustrate the field content of the ket-vector |φ (2.1) explicitly. For this, we note that the general expression for |φ that satisfies algebraic constraints (2.2), (2.3) can be represented as
where, in (2.7) and below, the notation k ∈ [n] 2 implies that
stands for a rank-s ′ totally symmetric tensor field of the Lorentz algebra so(d − 1, 1). Constraint (2.4) implies that the tensor field φ
We also note that the subscript k ′ is used to indicate conformal dimensions of fields,
In the case d ≥ 6, scalar, vector, and tensor fields appearing in (2.6), (2.7) can be represented as 
(2.14)
We note that scalar fields are collected into the ket-vector |φ 0 . From (2.8), we see that for d = 4, scalar fields do not enter the field content. Therefore, for d = 4, the field content is given in (2.12)-(2.14). In other words, scalar fields φ k ′ enter the field content only when d ≥ 6.
To We now discuss representations for the Lagrangian in terms of double-traceless and traceless fields in turn.
Representation for the Lagrangian in terms of double-trace fields. An ordinary-derivative representation for the action and the Lagrangian of a spin-s conformal field in terms of doubletraceless fields described above was obtained in Ref. [8] :
20)
In (2.18), the bra-vector is defined in accordance with the rule φ| ≡ (|φ ) † . We also use the conventions that |Lφ ≡L|φ and L φ| ≡ (|Lφ )
† . The remaining notation can be found in the Appendix (see relations (A.5)-(A.8)).
We refer to the quantity |Lφ as the conformal de Donder divergence. We recall that the standard de Donder divergence, which enters the massless field Lagrangian in R d−1,1 , is obtained by setting e 1 = 0,ē 1 = 0 in (2.20) (see, e.g., Ref. [9] ). From (2.18), we see that it is the use of the conformal de Donder divergence that allows us to considerably simplify the representation for the gauge invariant Lagrangian of a conformal field. 2 To describe gauge symmetries of Lagrangian (2.18), we note that appropriate gauge transformation parameters can be collected into the ket-vector
which satisfies the algebraic constraints
where k s is defined in (2.5). From (2.24), we learn that the ket-vector |ξ is a degree-(s − 1) homogeneous polynomial in α a , ζ, while from (2.25), we learn that the ket-vector |ξ is a degreek s homogeneous polynomial in ζ, α ⊕ , α ⊖ . Taking this into account, we see that the ket-vector |ξ can be expanded in the oscillators as follows
where k s ′ is defined in (2.9). In (2.28), the gauge transformation parameter ξ
is a rank-s ′ totally symmetric tensor field of the Lorentz algebra so(d − 1, 1). Constraint (2.26) tells us that 2 The use of modified de Donder divergences for studying the metric-like formulation of fields in AdS space can be found in Refs. [10, 11] . For a massive field in R d−1,1 , the modified de Donder divergence was found in Ref. [12] .
the gauge transformation parameter ξ
The conformal dimension of the gauge transformation parameter ξ
Using ket-vectors |φ (2.6) and |ξ (2.27), gauge transformations can be written as 30) where the operators e 1 ,ē 1 are defined in (2.21).
Representation for the Lagrangian in terms of traceless fields. A Lagrangian formulation of a conformal field in terms of traceless fields can easily be obtained by using the formulation in terms of double-traceless fields discussed above. For this, we note that the double-traceless ket-vector |φ (2.1), (2.4) can be decomposed into two traceless ket-vectors, denoted by |φ I , |φ II , as
where the tracelessness constraint for the ket-vectors |φ I , |φ II takes the form
Plugging (2.31) in (2.18), we obtain a representation for the Lagrangian in terms of traceless ketvectors,
where the operator M ⊕⊕ takes the same form as in (2.19). The de Donder divergence |Lφ appearing in (2.33) is represented in terms of the traceless ket-vectors |φ I , |φ II as
where e 1 ,ē 1 are given in (2.21). In terms of the traceless ket-vectors |φ I , φ II , gauge transformations (2.30) can be represented as
41)
where the gauge transformation parameter |ξ takes the same form as in (2.27) . Gauge transformations (2.39), (2.40) can easily be obtained from the ones in (2.30) by noticing that the inverse to relation in (2.31) takes the form
where the operator Π [1, 2] is defined in (2.22) . From the presentation given above, we see that our formulations in terms of double-traceless and traceless fields are completely equivalent.
BRST-BV Lagrangian of conformal fields
Field content. In order to streamline the presentation of the field content entering our BRST-BV formulation of a conformal field, we introduce a Grassmann coordinate θ, θ 2 = 0, Grassmann-even oscillators α a , α ⊕ , α ⊖ , ζ, and Grassmann-odd oscillators η, ρ. The Grassmann-even oscillators α a transform as vectors under the Lorentz algebra so(d − 1, 1), while the Grassmann coordinate θ, the Grassmann-even oscillators α ⊕ , α ⊖ , ζ, and the Grassmann-odd oscillators η, ρ transform as scalars under the Lorentz algebra. Using the Grassmann coordinate θ and the oscillators, the fields entering our BRST-BV formulation of a conformal field can be collected into a ket-vector defined by
where the argument α in (3.1) stands for the vector oscillators α a , while the argument x stands for coordinates x a of the R d−1,1 space-time. By definition, the field Φ in (3.1) is considered to be Grassmann even. We also note that usual fields, which depend on the space-time coordinates x a , can be obtained by expanding the field Φ (3.1) in the θ and the above-introduced oscillators α a , α ⊕ , α ⊖ , ζ, η, ρ. For the discussion of a spin-s conformal field, we impose the following algebraic constraints on the ket-vector |Φ (3.1):
where k s is defined in (2.5), while the operators
. From constraint (3.2), we learn that the ket-vector |Φ is a degree-s homogeneous polynomial in the oscillators α a , ζ, η, ρ, while constraint (3.3) tells us that the ket-vector |Φ is a degree-k s homogeneous polynomial in the oscillators α ⊕ , α ⊖ , ζ. From constraint (3.4) we learn that the usual tensor fields, which are obtainable by expanding the field Φ (3.1) in the vector oscillators α a , are nothing but traceless tensor fields of the Lorentz algebra so(d − 1, 1).
The use of constraints (3.2), (3.3) allows us to illustrate a catalogue of scalar, vector, and tensor fields entering the ket-vector |Φ (3.1) in a rather straightforward way. For this, we note that the expansion of |Φ (3.1) in the Grassmann coordinate θ and the Grassmann-odd oscillators η, ρ can be presented as
We now note that the ket-vectors appearing in the right-hand side of (3.6), (3.7) depend only on the vector oscillators α a and the scalar oscillators ζ, α ⊕ , α ⊖ . In this paper, the ket-vectors |φ (3.6) and |φ * (3.7) are referred to as the respective ket-vectors of fields and antifields. 3 We note that the algebraic constraints for the ket-vector of fields |φ and the ket-vector of antifields |φ * take the same form as the ones for the |Φ in (3.
10)
where, in (3.
, and s ′ ≥ 2 correspond to the respective scalar, vector, and tensor fields of the Lorentz algebra so (d − 1, 1) . All the tensor fields are totally symmetric tensor fields. From constraint (3.4), we learn that all the tensor fields are realized as traceless tensors of the Lorentz algebra so(d − 1, 1). As is well known, in the BRST-BV approach, each field enters the game with a corresponding antifield. This implies that in our approach, a catalogue of the antifields is described by the antifields denoted by φ
We also note that ket-vectors of antifields |φ * I , |c * , |c * , |φ * II given in (3.7) are expressed in terms of the antifields φ way as in (3.8)-(3.11) . Thus, the ket-vector |Φ describes fields and antifields that are realized as scalars, vectors, and totally symmetric traceless tensors of the Lorentz algebra so (d − 1, 1) . 
BRST-BV
The BRST operator Q appearing in expression (3.13) for the Lagrangian admits the general representation
where the notation ∂ θ is used for the left derivative of the Grassmann coordinate, ∂ θ = ∂/∂θ, while the notation ✷ = ∂ a ∂ a is used for the D'Alembert operator in the space-time R d−1,1 . From the expression for the BRST operator given in (3.14), we see that the BRST operator is defined by the operators
In what follows, the operator M ⊕⊕ is referred to as the mass operator, while the operators M ηa , M ⊕η , M ηη are referred to as spin operators. The mass and spin operators depend only on the oscillators, i.e., the mass and spin operators do not depend on the space-time coordinates x a , on the Grassmann coordinate θ, and on the derivatives ∂ a , ∂ θ . The basic equation for the BRST operator Q 2 = 0 amounts to the following (anti)commutation relations for the mass and spin operators:
BRST-BV action (3.12) is invariant under the gauge transformations given by
where |Ξ stands for a ket-vector of the gauge transformation parameters. The ket-vector |Ξ can be represented as 
where k s is defined in (2.5).
Comparing the algebraic constraints given in (3.2)-(3.4) and (3.21)-(3.23), we see that ketvectors |Φ and |Ξ satisfy the same constraints. Therefore, using the results of our analysis of the constraints for the ket-vector of gauge fields |Φ , we conclude the following: i) The ket-vector of gauge transformation parameters |Ξ is built of gauge transformation parameters that are realized as scalar, vector, and totally symmetric traceless tensor fields of the Lorentz algebra so (d − 1, 1) . ii) An expansion of the ket-vector of the gauge transformation parameter |Ξ in terms of scalar, vector, and tensor gauge transformation parameters is obtained simply by replacing the gauge fields in relations (3.5)-(3.11) by the scalar, vector and tensor gauge transformation parameters.
It is clear from the discussion given above that all that is required to find the BRST-BV action and the corresponding gauge transformations is the BRST operator. We also see that in order to build the BRST operator, we should find a realization for the mass and spin operators on the space of ket-vector |Φ and plug that realization for the mass and spin operators into expression for the BRST operator in (3.14). In our approach, a spin-s conformal field is described by the ket-vector |Φ that by definition, satisfies constraints (3.2)-(3.4). This implies that on space of the ket-vector |Φ subject to algebraic constraints (3.2)-(3.4), we should find a realization of (anti)commutation relations for the mass and spin operators (3.15)-(3.18). Our result for the mass and spin operators is as follows
where we use the following notation The following remarks are in order. i) From (3.14), we see that our BRST operator is a degree-2 polynomial in the space-time derivatives ∂ a . In other words, there are no higher-derivative terms in our BRST-BV Lagrangian formulation of conformal fields. We note then that it is the field content described in (3.8)-(3.11) that allows us to develop the ordinary-derivative BRST-BV Lagrangian formulation of conformal fields. ii) We demonstrate how our BRST-BV Lagrangian is related to the Lagrangian entering the metriclike formulation in terms of traceless fields (2.33). For this, we equate all fields and antifields with a nonzero ghost number to zero:
The definition of the ghost number and the values of ghost numbers for fields and antifields can be found in the Appendix (see relations (A.15), (A.16)). Using relations (3.34), we find that BRST-BV Lagrangian (3.13) takes the form iii) Using the Siegel gauge |φ * = 0, we verify that Lagrangian (3.13) leads to the following simple expression for gauge-fixed Lagrangian:
We note that when passing from the relation for a gauge invariant Lagrangian in (3.13) to the gaugefixed Lagrangian in (3.37), we changed the sign of the Faddeev-Popov antighost field, |c → −|c .
Gauge-fixed Lagrangian (3.37) is invariant under the global BRST and anti-BRST symmetries given by
where the operatorsL I , L II , and G I,II , are respectively given in (2.35), (2.36), and (2.41), (2.42). We also note that the global BRST and anti-BRST transformations presented in (3.38), (3.39) satisfy the nilpotence relations s 2 = 0,s 2 = 0 for arbitrary Faddeev-Popov fields, while the nilpotence relation ss +ss = 0 is respected only for on-shell Faddeev-Popov fields |c , |c .
Realization of conformal symmetries
Conformal symmetries of fields propagating in space-time R d−1,1 are described by the conformal algebra so(d, 2). Note however that only symmetries of the Lorentz algebra so(d − 1, 1) are manifest in the framework of our approach. Therefore in order to complete our description of conformal fields we should provide a realization of symmetries of the conformal algebra on space of fields and antifields entering the BRST-BV action. Because symmetries of the Lorentz algebra so(d − 1, 1) are realized manifestly in the framework of our approach, we represent the so(d, 2) algebra in the basis of the Lorentz algebra so(d − 1, 1). In basis of the Lorentz algebra, the generators of the conformal algebra so(d, 2) are described by the Poincaré translation generators P a , dilatation generator D, conformal boosts generators K a , and generators of the Lorentz algebra so(d − 1, 1) denoted by J ab . We assume the following normalization for commutation relations of the so(d, 2) algebra generators
A general representation for the generators of the so(d, 2) algebra on space of conformal fields is given by the following relations
In (4.4), the ∆ stands for operator of conformal dimension, while, in (4.3), (4.5), the M ab stands for spin operator of the Lorentz algebra so (d − 1, 1) . The spin operator satisfies the commutation relations
For totally symmetric fields considered in this paper, the spin operator M ab takes the following well known form
Operator R a appearing in (4.
We note also that, in the standard higher-derivative approach to conformal fields, the operator R a is often equal to zero, while in the ordinary-derivative approach this operator turns out to be nontrivial. It is the finding of the operator R a that provides the real difficulty in the problem of realization of the conformal boost symmetries in the framework of the ordinary-derivative approach.
In this section, we present our result for a realization of the operators ∆ and R a on space of the fields and antifields entering our ordinary-derivative BRST-BV formulation of conformal fields. For the reader convenience, we start with the description of the operators ∆ and R a for the metriclike double-traceless fields [8] and the metric-like traceless fields we discussed in Sec.2 in this paper. Operators ∆ and R a for metric-like double-traceless fields. Expression for the conformal dimension operator can easily be read from relation in (2.11). Namely, using (2.11) and (2.6), we see that realization of the operator ∆ on space of the double-traceless ket-vector |φ (2.6) takes the form
Realization of the operator R a on space of the double-traceless ket-vector (2.6) is given by [8]
where we use the notation
The operator A a appears in (4.11) because it is this operator that respects double-tracelessness constraint (2.4). Namely, if a ket-vector |φ satisfies double-tracelessness constraint (2.4), then the following relation holds true: (ᾱ 2 ) 2 A a |φ = 0. Operators ∆ and R a for metric-like traceless fields. Realization of the operators ∆ and R a on space of the traceless ket-vectors |φ I , |φ II can easily be obtained by using the realization of ∆ and R a on space of the double-traceless ket-vector above-discussed. To this end we use the interrelations between the double-traceless ket-vector |φ and the traceless ket-vectors |φ I , |φ II given in (2.31) and (2.43), (2.44). Doing so, we see immediately that a realization of the operator ∆ on space of the ket-vectors |φ I , |φ II takes the same form as before
For the operator R a , we get the following representation 15) where the realization of the operator M ⊖⊖ on space of the ket-vectors |φ I , φ II takes the form 
We note that the operator A a (4.19) appears in relations (4.17), (4.18) because it is this operator that respects the tracelessness constraints (2.32). Namely, taking into account that the ket-vectors |φ I , |φ II satisfy tracelessness constraints (2.32), we verify that the following relations hold true: α 2 A a |φ I,II = 0. Operators ∆ and R a for BRST-BV fields and antifields. We now describe our main result in this section. In our BRST-BV approach, fields and antifields are described by the ket-vector (3.1) subject to algebraic constraints (3.2)-(3.4). We find the following realization of the conformal dimension operator ∆ on space of ket-vector |Φ (3.1):
Comparing operator ∆ (4.23) with the one for double-traceless and traceless fields in (4.8), (4.14), we note that, in our BRST-BV approach, the conformal dimension operator ∆ (4.23) depends not only on the operator M ⊖⊕ but also on the Grassmann coordinate θ, the Grassmann derivative ∂ θ and the Grassmann odd oscillators entering the operators N η , N ρ in (4.25). Note also that, the operator ∆ in (4.23), when restricted to the space of ket-vectors |φ I , |φ II (3.6) entering BRST-BV ket-vector (3.6), turns out to be equal to the one in metric-like approach (4.14), as it should be.
For the operator R a , we find the following realization on space of ket-vector |Φ (3.1):
where operators M ⊖⊖ , M ⊖a , M ρa appearing in (4.26) are defined by the following relations:
and, in relations (4.33), (4.34), we use the following notation
, (4.35)
From relations in (4.27)-(4.38), we see that the operators M ⊖⊖ , M ⊖a , M ρa depend only on the oscillators. These relations provide the complete description of the operator R a . Using relations for the operators M ab , ∆, and R a , we verify that BRST-BV action (3.12) is invariant under transformation of the conformal algebra symmetries so(d, 2) given in (4.2)-(4.5). Using expressions for ∆ and R a above described, we also verify the commutation relation for conformal boost generators,
Superalgebra osp(d − 1, 1|2). Some subset of the spin operators involved in our BRST-BV formulation of conformal field turns out to be related to the superalgebra osp(d−1, 1|2). In order to explain what just has been said let us consider the spin operators M ηa , M ηη , which enter the BRST operator (3.14). Also let us consider the spin operators M ηρ , M ρa , M ab which enter generators of the conformal symmetries. We now observe that, if to the spin operators M ηa , M ηη entering the BRST operator and the spin operators M ηρ , M ρa , M ab , entering the conformal symmetries, we add a new spin operator M ρρ , which we define by the following expression M ρρ = ρρ, then we get the superalgebra osp (d − 1, 1|2) . Namely, we checked that the just mentioned spin operators indeed satisfy the commutation relations of the superalgebra osp(d − 1, 1|2). For the reader convenience, we note that we use the following normalization for commutation relations of the superalgebra osp(d − 1, 1|2):
fields propagating in the AdS space [31] seems to be fruitful directions to pursue. Application of BRST approach to the study of algebraic aspects of higher-spin algebras along the lines of [32] could also be of some interest.
Using (A.4), we note the following hermitian conjugation rules for operators in (A.7), (A.8) The ghost numbers of the vacuum |0 is equal to zero. Taking this into account and using (A.12), we conclude that ghost numbers (A.15) of ket-vectors (3.6) coincide with ghost numbers of tensor fields appearing on the right-hand side in relations (3.8)-(3.11). The same coincidence holds true for ghost numbers (A.16) of ket-vectors (3.7) and the corresponding ghost numbers of scalar, vector, and tensor antifields which are obtainable by expanding antifields ket-vectors into the oscillators α a , α ⊕ , α ⊖ , ζ. Ghost numbers of the gauge transformation parameters can be obtained by using the following relation (N Matching of terminology for ket-vectors in this paper and the standard terminology. For the reader convenience, we now match terminology for ket-vectors (3.6), (3.7) we use in this paper and the standard terminology used for those ket-vectors in the literature. We recall that, in this paper, all ket-vectors in (3.6) are referred to as fields, while all ket-vectors in (3.7) are referred to as antifields. We note that such terminology does not coincide with the standard terminology in the literature. According to the standard terminology, ket-vectors in (3.6), (3.7) having zero, positive, and negative ghost numbers are referred to as fields, ghost, and antifields respectively. Taking into account relations (A.15), (A.16), this implies that, according to the standard terminology, the ketvectors |φ I , |φ II , |c * in (3.6), (3.7) are referred to as fields, the ket-vector |c in (3.6) is referred to as ghost, while the ket-vectors |c , |φ * I , |c * , |φ * II in (3.6), (3.7) are referred to as antifields.
